The budding yeast cell cycle is regulated by a complex chemical reaction network. Several deterministic models have been proposed to model this control mechanism. However, experimental data exhibit considerable variability from cell to cell during cell growth and division. It is also observed that certain mutant cells are more vulnerable to noise than wild type cells. The observed variability comes from two sources: intrinsic noise coming from fluctuations of molecules and extrinsic noise introduced by variations in the division process. As a result, molecular fluctuations cannot be neglected, and they may significantly affect the behavior of a cell. To accurately model the cell cycle control mechanism, stochastic models are needed.
INTRODUCTION
Budding yeast cells share a number of important features with human cells. Scientists have found that many genes that regulate yeast cell divisions have similar mechanisms with genes that control human cell cycles. Many metabolic and cellular pathways in human cells can be understood through the study of yeast cells. Since yeast cells grow much faster than human cells and are much cheaper to grow in laboratories, they have long been popular model organisms for biological research.
The budding yeast cell cycle is governed by a complex biochemical network of interacting genes and proteins. To study the mechanism of budding yeast cells, several deterministic models have been proposed, 3, 14, 16, 17 in which the dynamics of all species are modeled using ordinary differential equations (ODEs). However, experimental data exhibit considerable variability from cell to cell during cell growth and division. 10, 11, 15 The observed variability is usually attributed to two sources: intrinsic noise from fluctuations of molecule numbers present within a single cell; and extrinsic noise from inequalities in sizes of two daughter cell after division. Although the cell cycle is normally robust to environmental perturbations and fluctuations of its species, yeast cells with mutations may become more sensitive to noise. Under the influence of random fluctuations, some mutant cells continue to proliferate, called viable, and others are inviable, failing to exit one of the cell cycle check points. Deterministic models successfully capture the average behavior of wild-type cells. Some of them also provide good predictions for cells with mutations. However, deterministic models do not include noise and cannot be used to model partially viable mutant cells.
In order to rigorously model the effects of noise in the budding yeast cell cycle control mechanism, a deterministic model should be converted into its stochastic equivalent, which employs only elementary reactions. The converted system is suitable for simulation by Gillespie's stochastic simulation algorithm (SSA). 5, 6 However, one of the major difficulties of the conversion lies in those complex phenomenological rate laws, such as Michaelis Menten rate laws or Hill function rate laws. Applying Gillespie's SSA to phenomenological rate laws may generate incorrect stochastic results. Thus we need to unpack these phenomenological rate laws into elementary reactions that are ruled by mass action rate laws. But this practice often results in a much larger system 8 of reactions and chemical intermediates. On the other hand, low efficiency is a bottleneck of Gillespie's SSA, especially for systems involving multiscale populations and reactions. Since the SSA has to track every reaction event, its computational cost could become unacceptable for practical models. For instance, it took the SSA nearly a week to simulate a complex stochastic model of the budding yeast cell cycle 2 even though that model does not include mRNA dynamics.
With these challenges in mind, we aim to answer an interesting question: Can we establish a hybrid stochastic model that combines ODEs with the SSA and is complex enough to represent the control mechanism for the budding yeast cell cycle regulation? The goal for the hybrid ODE/SSA model is to accurately model the effect of noise, while the model itself is easy to be generated from a deterministic model.
Fluctuations in species populations can be measured by the coefficient of variation (CV= standard deviation mean
). An estimation of the CV for a protein subjected to transcription and translation has been derived by Pedraza and Paulsson
where Np and Nm are the average molecule numbers of the protein and its corresponding mRNA, τp and τm are their half-life times, respectively. Given the small volume of a cell, the number of molecules of a particular protein is around hundreds or thousands. However, the population of the mRNA for each protein is normally less than 10 and its half-life time in many cases satisfies τp ≤ τm. It leads to a reasonable approximation of CV as
This approximation indicates that fluctuations of mRNAs populations are the primary source of intrinsic noise. Our hybrid ODE/SSA model will take advantage of this observation.
A simple hybrid stochastic cell cycle model was first introduced by Liu et al., 9 who applied the hybrid modeling idea to Kar et al.'s stochastic model 8 and simulated the resulting system of equations by a modification of the Haseltine and Rawlings's (HR) hybrid simulation algorithm.
7 Under the original scheme of the HR hybrid simulation algorithm, a system is partitioned into two groups. The fast reaction group consists of fast reactions whose reactants are of large populations (region IV in Figure 1 ). The fast reaction group is modeled by ODEs or chemical Langevin equations (CLEs). All remaining reactions, either the reaction is slow or one of the involved species is in a small population (region I, II and III in Figure 1 ), are put in the slow reaction group, modeled and simulated by the SSA. In Liu et al.'s work, the accuracy and efficiency of the hybrid simulation with different partition strategies were tested. It was discovered that a better partitioning strategy is to only put reactions in Region I, where the reaction is slow and some of its reactants are of small populations, in the SSA regime, while all other reactions in Regions II, III and IV are put into the ODE regime. In particular, Liu et al. 9 found that all gene expression reactions are partitioned as "slow" reactions and the protein level dynamics are partitioned as "fast" reactions. The hybrid simulation generates reasonably accurate results and saves significant computation time as compared to the full stochastic model. It was then proposed to construct a hybrid stochastic model by adding mRNA dynamics, modeled by the SSA, directly to the deterministic ODE model. This idea of converting a deterministic ODE model into a hybrid stochastic model has been successfully applied to several small biochemical network models. 9 It remains a question whether this method can be applied to complex biochemical networks, such as the budding yeast cell cycle model.
3
In this paper we construct a hybrid stochastic model of the budding yeast cell cycle based on Chen et al.'s deterministic model, 3 which describes the interactions of more than forty species. In our hybrid stochastic model, synthesis and degradation of 19 mRNAs for selected proteins, simulated by the SSA, are added, while interactions of 42 proteins, modeled by ODEs, are derived directly from Chen's model. Simulation results are collected for both wild-type cells and mutant cells in different nutrient media and compared with experimental data reported in literature. Details of the hybrid stochastic model and simulation results will be given in this manuscript.
This manuscript is organized as follows. In section 2 implementations of the SSA and Haseltine and Rawlings' hybrid method are briefly reviewed. The mechanism of the hybrid stochastic cell cycle model is discussed in detail in section 3. In section 4 we list the simulation results on wildtype cells and mutant cells in different nutrient media. Conclusion and discussion are given in section 5.
BACKGROUND

Stochastic Simulation Algorithm
We consider a well-stirred system of N chemical species {S1, . . . , SN } and M chemical reactions {R1, . . . , RM }. We define the state of system at t as a vector x(t) = (x1, . . . , xN ), where xi is the number of Si molecules. Each reaction channel Rj is characterized by its propensity function aj(x(t)) and its state-change vector vj = (v1j , . . . , vNj ). The probability of reaction Rj firing in the next infinitesimal time dt is given as aj(x(t))dt, and vij Si molecules will be changed by one Rj reaction. The procedure of the SSA 5, 6 is presented as follows.
1) At time t, compute the propensity values aj(x(t)), and the sum a0(x(t)) ≡ M j=1 aj(x(t)).
2) Generate a time increment τ as a sample of the exponential random variable with mean 1/a0(x(t)).
3) Generate a reaction index j based on the probability function aj (x(t))/a0(x(t))(j = 1, . . . , M ).
4) Update time t ← t+τ and state x(t+τ ) ← x(t+τ )+vj.
5) Return to step 1) if stopping condition is not reached.
Although the SSA is a fundamental method for stochastic simulation, its computational cost may become very high when the size of a biochemical system increases, since the SSA simulates every reaction event and the time increment τ often is very small as a consequence of large values of the total propensity a0(x(t)). Thus it is necessary to develop more efficient simulation methods.
The Hybrid Method
The hybrid method presented in this paper was originally proposed by Haseltine and Rawlings.
7 Given a system of N species {S1, . . . , SN } and M reactions {R1, . . . , RM }, these M reactions are partitioned into two subsets. Reactions in subset S f ast are formulated by ODEs, and reactions in subset S slow are simulated by the SSA. Let aj(x(t)) be the propensity function of the j-th reaction in S slow , where x(t) is the state at time t, and its state-change vector vj = (vj1, . . . , vjN ). Let τ be the jump interval of the next slow (stochastic) reaction, and µ be its reaction index. Set t = 0. The hybrid method simulates the system as follows: 1) Generate two uniform random numbers r1 and r2 in U (0, 1).
2) Integrate the ODE system and the integral equation:
where atot(x(t)) is the sum of propensities of reactions in S slow .
3) Determine µ as the smallest integer satisfying
ai(x(t)) > r2atot(x(t)).
4) Update x(t + τ ) ← x(t + τ ) + vµ.
Our implementation is different in step 2). Suppose that the ODE system is given by
We simply add an integration variable z and an equation
where we note that log(r1) is negative and atot is nonnegative. During the simulation, each step starts at time t and numerically integrates ODEs (5) and (6) . When z(t+τ ) = 0, the ODE integration stops, where τ is the solution to (3). This integration process can be conveniently handled by standard ODE solvers combined with root-finding functions. Note that since z is an integration variable, one may choose to omit it from the error control mechanism. 13 Adding this extra variable will not greatly affect the efficiency.
METHOD
Chen et al. constructed a deterministic model of the budding yeast cell cycle, controlled by a complex network of interacting cyclin-dependent protein kinases (CDKs). When CDK activity is low, the yeast cell stays in the G1 phase. At the end of the G1 phase the bud emerges and DNA replication begins. CDK activity rises in S and G2 phases and is destroyed in M phase, when cells exit mitosis and undergo division. Chromosomes are equally separated into two daughter cells. Other components are partitioned more or less evenly to the progeny.
The Hybrid Cell Cycle Stochastic Model
In Chen's model, species are represented in concentrations. The first step to establish a stochastic model is to convert each state variable from concentration to number of molecules. One main reason is that fluctuations of mRNAs need to be simulated by the SSA, which models species with discrete numbers of molecules. The details of the approach are discussed in Ball et al. 2 Reaction rates and some constants in the Chen et al.'s model are updated so that the dynamics of the transformed system of equations are equivalent to the original model.
In the next step, the synthesis and degradation of mRNAs are added. Reactions related to mRNAs are illustrated in Figure 2 . Degradations of mRNAs are easy to implement. Given the half-life time of a mRNA t h , its degradation rate k md = ln (2)/t h . Half-life times of some mRNAs have been estimated from experimental data.
1 For the other mRNAs, we used t h = 5 min, which is a representative value of reported half-lives.
1 All the half-life times adopted in this hybrid model are listed in Table 1 . We set the half-lives of mNet1, mClb2 and mCln2 to one-half of their experimentally measured values; this change is made so that our hybrid model is more stable and matches better with other experimental results. mRNA synthesis rates, denoted by kms, are estimated based on degradation rates k md and the mean values of mRNA molecule numbers mRNA . The mRNAs are divided into two groups: regulated mRNAs and unregulated mRNAs. For an unregulated gene, kms is chosen so that mRNA = kms/k md is close to the experimental value of the mean number of mRNA molecules expressed from this gene. For a regulated gene, the total rate of mRNA synthesis is (kms,i ·pi) where pi are the numbers of protein molecules regulating the gene's expression. The rate constants kms,i are chosen so that the number of mRNA molecules, averaged over a full cell cycle, is close to the experimentally observed mean number of mRNA molecules in an asynchronous culture. Mean molecule numbers of some mRNAs are reported in Ball's article.
1 For the other mRNAs, the mean molecule numbers are set to 7.
Formulas related to protein synthesis are modified to make sure the hybrid model is consistent with the translation processes from mRNAs to proteins. The synthesis of each type of protein in the hybrid model is determined by the number of mRNA. As a result, we replace the terms for protein synthesis in the Chen's model with terms of the form kt ·mRNA, where kt is a rate constant for translation of the protein from its specific mRNA molecule.
In a cell cycle, the size of a budding yeast cell increases exponentially before division. How fast a cell grows in biological experiments is measured by the mass doubling time (MDT). Budding yeast cells have different MDTs in different nutrient media: MDT≈90 min in glucose, MDT≈150 min in galactose and MDT≈160 min in raffinose. In our hybrid stochastic model, the cell size (denoted by mass) is controlled by the growth rate kg = ln (2)/MDT. When a cell exits mitosis, the mass is divided asymmetrically between two daughter cells. The mass for the smaller daughter cell is mass · f , where f = exp (−1.026 + 32 · kg) < 0.5 is fitted from experimental data , 4 and the mass for the larger daughter cell is mass · (1 − f ). In Chen's model, kg is set to 7.702 * 10 −3 for cells in glucose. In our hybrid stochastic model, in order to have better match with experimental data, the value of kg is slightly changed to 7.2 * 10 −3 in glucose and f is set to 0.4. In raffinose and galactose, kg and f are set the same as in Chen's model.
To simulate the CLB2 -db∆clb5 ∆ mutant strain, four basal parameters should be changed. The rate constant k ′′ d,b2 , associated with the degradation of Clb2 by APC:Cdh1, is set to 0. The rate constant k d,b2p , associated with the degradation of Clb2 by APC:Cdc20, is set to 0.075 times the value for the wild-type cell. In this model the dynamics of Clb5 and Clb6 are combined together and represented by Clb5, while the clb5 ∆ mutant only has impact on the dynamics of Clb5. Thus the two rate constants k ′ s,b5 and k ′′ s,b5 , associated with the synthesis of Clb5 and Clb6, are set to 10% of corresponding values for the wild-type cell, so that the effect of Clb6 is still maintained in the model.
Implementation of The Hybrid Stochastic Simulation
In order to simulate the growth of cell colonies in different nutrient media, we adopt a special data structure. We use a queue array to record cell id numbers at specified time points. Biochemical states of newborn mother cells and daughter cells are recorded in two queues separately (for the convenience of collecting statistics). The state of a cell is composed of its birth time, its mass and populations of proteins and mRNAs at birth. During the simulation, states of mother cells and daughter cells are popped out from corresponding queues in sequence and used as initial values in the hybrid simulation. If a cell divides successfully before the simulation end time, the cell number increases by one, and the states of two new born cells are pushed into corresponding queues.
In the budding yeast cell cycle model, events are used to specify important checkpoints. When states (populations or concentrations) of certain species increase or decrease across predefined thresholds, corresponding events are triggered. In the deterministic model, an event is triggered only once in one cell cycle. To prevent events from misfiring (being triggered multiple times in a short period of time) due to molecular fluctuations in the hybrid stochastic model, we classify two event patterns in our model: states of certain species change across predefined thresholds in only one direction (increasing or decreasing), or in both directions. For the first type (one direction), we reset the value of thresholds at cell birth time. When simulating a cell cycle, at beginning the thresholds are set to the original predefined values. After an event is triggered, the corresponding threshold is increased to a huge value, for instance 1000 times higher, to prevent misfiring. For the second type (both directions), taking Clb2 as an instance, the solution is illustrated in Figure 3 . In Figure 3 , events 2 and 4 are two events in the deterministic model. Events 1 and 3 are what we add in the hybrid stochastic model. In a cell cycle, events from 1 to 4 are triggered in sequence. Initially, the threshold for event 1 is set to 0.5Kez (Kez is a dimensionless concentration unit in the model). After event i happens, the threshold for i is set to a huge value and the threshold for event i+1 is reset to its original predefined value. By applying this tactic, events 2 and 4 happen in a correct manner in the stochastic simulation, not perturbed by noise of [Clb2] .
Numerical simulations are implemented in Fortran. LSO-DAR is used for the numerical integration of the fast subsystem. LSODAR is an ODE solver based on multistep methods. It can automatically switch between Adams methods for nonstiff problems and BDF methods for stiff problems according to characteristics of the underlying ODEs. LSO-DAR also provides a root-finding function, which is very convenient for simulating the firing of slow reactions using formula (5) and (6) . This feature makes LSODAR much more efficient compared to many other ODE solvers. All the numerical simulations were executed in a Linux workstation with 16G memory and Intel i7-3770 CPU. Trajectories of oscillations of protein molecule numbers generated from the hybrid stochastic model in glucose.
RESULTS
Results of Wild-type Cells
results of our hybrid model are compared with experimental data for species' populations reported in literature. Mean molecule numbers of proteins and mRNAs for cells in glucose from simulations and experiments are listed in Table 2 and  Table 3 . Experimental data of mean molecule numbers of proteins were reported in Di Talia et al. 10 Experimental data of mean molecule numbers of mRNAs were reported in Ball et al. 1 Although some mismatches are observed in the two tables, the differences between simulation results and experimental data are reasonable. Statistics of the hybrid stochastic simulations are listed in Table 4 and are compared with experimental data reported in Ball et al. 1 The distribution of cell cycle periods for wildtype cells in glucose is plotted in Figure 5 , which is close to a lognormal distribution. The statistical properties of the hy- brid stochastic model compare favorably with the observed statistics of cell cycle progression in budding yeast cells. For instance, the mean values of three important qualities, T div (time from birth to division), T G1 (time from birth to bud formation) and V birth (cell volume at birth) match with experimental data very well (see Table 4 ). Moreover, the hybrid stochastic model successfully reproduces the effects of noise in the budding yeast cell cycle. CVs generated by the hybrid stochastic model are close to CVs from experimental data. These results support our hypothesis that the primary source of noise in yeast cell cycle progression is molecular fluctuations at the mRNA level. Number doubling time (NDT) is another important feature for a colony of cells. We simulate wild-type cells growing in three nutrient media. After an initial period, the total number of cells increases exponentially. Denote cell number by n. The value log 10 (n) increases approximately linearly with time t. The slope for the line is denoted by a. The value of a can be estimated through the least square fitting method. NDT is therefore calculated by log 10 (2)/a. NDTs and MDTs of colonies of cells in three nutrient media are given in Table 5 . We can see that MDT ≈ NDT match very well, consistent with observations from biological experiments. Note that simulations of the hybrid cell cycle model are much faster than simulations with Gillespie's SSA. Our Fortran program which simulates 5,500 cell cycles takes about 400 seconds. The same task executed by the SSA would take several days.
Results of Cells with CLB2 -db∆clb5∆ Mutant
Growth of colonies of CLB2 -db∆clb5 ∆ mutant cells were simulated in nutrient media glucose, raffinose and galactose respectively. In Chen's deterministic model, all of the mutant cells under specific growth conditions are either viable or inviable. Biological experiments, however, suggest that mutant cells may be partially inviable under certain growth conditions. The number of cells in a colony may increase exponentially under some circumstances, although NDT of the colony is much smaller than the NDT of wild-type cells growing in the same medium. On the other hand, if more than half of mutant cells exit their cycles, there will be no colony formed (observed).
MDTs and NDTs of colonies of cells are listed in Table 6 . MDTs were computed from viable cells in a colony. NDTs were obtained by following the same data fitting method as introduced in previous section. Since the mutant cells do not form a colony in glucose because of the probability that a mutant cell will complete the cell division cycle in glucose is only about 20%, we do not provide results for MDT and NDT in this case. From the table, we can see that the double mutation affects the NDT significantly. NDTs of colonies growing in raffinose and galactose are much longer than MDTs, because of the many inviable cells that do not divide and generate new cells. To measure how the inviable cells affect NDT, P (T ), defined as the probability that the cycle time is greater than a specified time, are estimated for colonies in three media. Results are plotted in Figure  6 . In Figure 6 , the range of cycle time is from 0 min to 500 min. Cells with cycle times longer than 500 minutes are considered as inviable cells. In every round, about one third Figure 6 : Probability that the cell cycle time is larger than a specified time T for cells with CLB2 -db∆clb5 ∆ on three media.
of mutant cells stop cycling in raffinose medium, while forty percent of mutant cells cannot divide in galactose medium. Therefore, the colony in galactose has a much larger NDT.
CONCLUSION AND DISCUSSION
Many biological experiments have suggested that intrinsic and extrinsic noise could have significant effects on cellular systems. It is important to include noise in mathematical modeling and simulation of biological systems. In this manuscript, we introduce a hybrid stochastic model for the budding yeast cell cycle that is derived from Chen's deterministic model. 3 In this hybrid ODE/SSA model, synthesis and degradation of mRNAs are simulated by the SSA, while the dynamics of proteins are modeled by ODEs, directly converted from Chen's original model with slight parameter changes. This modeling method and the hybrid stochastic cell cycle model itself have great advantages over traditional stochastic modeling methods. One advantage is that it is not necessary to unpack complex reactions in the deterministic model into elementary reactions, required by Gillespie's SSA framework. This advantage makes the practice of constructing stochastic models much easier than before. The other advantage is that the hybrid stochastic model matches surprisingly well with experimental statistics for budding yeast cells and the simulations run much faster than simulations of its stochastic equivalent. The hybrid stochastic model suggests that the intrinsic noise of the budding yeast cell cycle comes primarily from the stochastic fluctuations of mRNA molecules. Based on formula (2), we hypothesize that this conclusion may also hold for many other cellular systems. For those systems, the strategy of hybrid ODE/SSA modeling and simulation may also be applicable. In our hybrid ODE/SSA model, the stochastic dynamics of all mRNAs are considered. To measure the effect of noise introduced by each mRNA, simulations are carried out in which the synthesis and degradation of only one mRNA species are simulated by SSA, and the distributions of cell cycle times are generated. Through our analysis of these simulations, we find that mRNAs do not contribute equally to the effects of noise. Some mRNAs, such as the mRNAs encoding Cdc14, Clb2 and Cln2, have much greater impact on the entire system. Distributions of cell cycle times are close to lognormal distributions. Interestingly, distributions of cell cycle times with respect to those mRNAs with greater impact have relatively larger variances (see Figure 7) . The large variances may be explained by the greatly delayed synthesis of some proteins and may result in the high sensitivity of mutant cells. In the near future, we will take efforts to analyze the mechanism of the hybrid model to uncover how the noise of different mRNAs affect the entire network.
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APPENDIX A. ODES AND REACTIONS OF THE HY-BRID STOCHASTIC MODEL
In this hybrid stochastic cell cycle model, the temporal evolution of cell mass and of forty two proteins are modeled by ODEs, which are listed below. Sic1T =Sic1 + Sic1P + C2 + C2P + C5 + C5P Cdc6T =Cdc6 + Cdc6P + F2 + F2P + F5 + F5P
Reactions and their propensities related to mRNAs are listed in Table 7 .
B. PARAMETERS
Reaction rates and constants used in the hybrid stochastic model are listed in Table 8 . In this model, the values of three rate constants are controlled by concentrations of some proteins. Ji,apc = 0.1 J a,cdh = 0.03 J i,cdh = 0.03 Ja,tem = 0.1 Ji,tem = 0.1 Jspn = 0.14 Jn3 = 6 Ja,mcm = 0.1 Ji,mcm = 0.1 J d2,c1 = 0.05 J d2,f 6 = 0.05 J20,ppx = 0.15 J pds = 0.04 J a,sbf = 0.01 J i,sbf = 0.01 e ori,b5 = 0.9 e ori,b2 = 0.45 e bud,n2 = 0.125 e bud,n3 = 2.5e-3 e bud,b5 = 0.1667 e sbf,n2 = 2 e sbf,n3 = 10 e sbf,b5 = 2 ec1,n3 = 0.3 e c1,k2 = 0.03 ec1,n2 = 0.06 e c1,b5 = 0.1 e c1,b2 = 0.45 e f 6,n3 = 0.3 e f 6,k2 = 0.03 e f 6,n2 = 0.06 e f 6,b5 = 0.1 e f 6,b2 = 0.55 e cdh,n3 = 0.25 e cdh,n2 = 0.4 e cdh,b2 = 1.2 e cdh,b5 = 8
